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Let F be a quadratic extension of Q and OF the ring of integers in F. A result of
Tate enables one to compute the 2-rank of K2OF in terms of the 2-rank of the class
group. Formulas for the 4-rank of K2 OF exist, but are more involved. We give upper
and lower bounds on the 8-rank of K2OF in terms of the narrow class group. In
certain cases the upper and lower bounds agree, and the 8-rank of K2OF is exactly
the 8-rank of the narrow class group. We then give a family of fields for which this
equality holds.  1999 Academic Press
1. INTRODUCTION
Let F be a number field and OF the ring of integers in F. The 2-primary
part of K2OF has been the subject of many papers over the last 10 years.
Results of Tate (see [17]) yield a 2-rank formula for K2OF in terms of the
class group of F. Results on the 4-rank of K2OF have been harder to come
by. Some explicit formulas for the 4-rank of K2OF were given in [15, 12,
13] to name a few. Only scattered information is available on 8-ranks of
K2OF . Some recent results along these lines can be found in [5] and [11].
In this paper, we will provide upper and lower bounds for the 8-rank of
K2OF in terms of the narrow class group when F is a quadratic number
field. For certain families of quadratic number fields, the upper and lower
bounds agree. For these families, the 8-rank of K2OF is exactly the 8-rank
of the narrow class group. We then give an explicit description of a certain
subfamily of these fields which provides an analogue to a theorem on
4-ranks conjectured by Conner and Hurrelbrink in [3]. We use the results
together with the BirchTate Conjecture to compute the complete structure
of K2OF in a couple of examples. For instance, if F=Q[- 17 } 137 } 257],
then
K2OF $Z2Z_Z2Z_Z2Z_Z4Z_Z8Z_Z213349Z.
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We begin by setting some notation. For a finite abelian group A, let the
2n-rank of A be the number of cyclic factors of A of order divisible by 2n.
We also set
2n A=the subgroup of A killed by 2n;
A[2]=the subgroup of A consisting elements killed by a power of 2;
[A]=the order of A.
Let S be the set of finite primes of F dividing 2 together with the infinite
primes of F. We put
g2 =the number of finite primes in S;
FS=the maximal extension of F which is unramified outside S;
GS=Gal(FS F );
CS(F )=the S-class class group of F;
C+(F )=the narrow class group of F.
As usual, r1 and r2 will stand for the number of real primes and complex
primes of F, respectively.
2. COHOMOLOGY
The Galois cohomology group H r(GS , Z2nZ) agrees with the e tale
cohomology group H re t(SpecR, Z2
nZ) where R is the ring of S-integers
in F. We will use the notation H r(GS , Z2nZ) for this group, though later
we will interpret it as an e tale cohomology group. Since the action of GS
on Z2nZ is trivial we have
H0(GS , Z2n Z)=Z2nZ
H1(GS , Z2n Z)=Hom(GS , Z2nZ).
The map Z2n Z  Z2m+n Z gives us an identification of H 1(GS , Z2nZ)
with a subgroup of H 1(GS , Z2m+nZ). In fact, we have
H1(GS , Z2nZ)= 2n H1(Gs , Z2m+n Z).
As a result we see
2 j-rk H 1(GS , Z2n Z)=2 j-rk H 1(GS , Z2m+nZ)
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whenever 1 jn. Thus, the structure of H1(GS , Z2n+1Z) is determined
by the structure of H1(GS , Z2n Z) and the 2n+1-rank of H1(GS , Z2n+1Z).
The proposition below tells us the same is true for H2(GS , Z2n+1Z).
Proposition 2.1. H2(GS , Z2nZ)$H2(GS , Z2)2nH 2(GS , Z2).
Proof. We are using continuous cochain cohomology, and so by [17, 2.2]
we have
H2(GS , Z2)$ H2(GS , Z2nZ).
From the short exact sequences of GS modules
0  Z2mZ  Z2m+n Z  Z2n Z  0,
the long exact sequence of cohomology gives us commutative diagrams (we
abbreviate H r(GS , Z2nZ) by H r(Z2nZ)):
H2(Z2m+1Z) ww H2(Z2m+n+1Z) ww H2(Z2nZ) ww H3(Z2m+1Z)
H2(Z2mZ) ww H2(Z2m+nZ) ww H2(Z2nZ) ww H3(Z2mZ).
(2.2)
Before passing to the limit, we need a lemma.
Lemma 2.3. For all positive odd r, the maps H r(GS , Z2mZ)  H r(GS ,
Z2m+nZ) are injective.
Proof. When r=1, H1(GS , Z2nZ)=Hom(GS , Z2nZ), and the map
Hom(GS , Z2m Z)  Hom(GS , Z2m+nZ)
induced by inclusion is injective. Let p be a real prime of F. The local field
of F at p is R and its separable closure is C. Corresponding to p, we have
an embedding of F into R which can be extended to an embedding of FS
into C. Thus we have a map Gal(CR)  Gal(FSF ) induced by restriction.
The extension F[- &1]F is unramified outside S and so F[- &1] is
contained in FS . Thus the above map of Galois groups is nontrivial and
hence injective, and so we may view Gal(CR) as a subgroup, Gp of
Gal(FSF ). By restriction we obtain a map
H r(GS , M)  H r(Gp , M),
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where M is any GS -module. This map is independent of the choice of
extension of the map F  R to FS  C. Putting these maps on cohomology
groups together we get a map
H r(GS , M)  ‘
p real
H r(Gp , M).
When r3 and the order of M is a power of 2, this map is an isomorphism
(see [8, Theorem I.4.10]). In our situation we obtain a commutative diagram
H r(GS , Z2mZ) H r(GS , Z2m+nZ)
‘
p real
H r(Gp , Z2mZ) ww ‘
p real
H r(Gp , Z2m+nZ),
where the vertical maps are isomorphisms. The map in the top row is
injective if and only if the map in the bottom row is injective.
Let _p be the generator of the group Gp . Then H2(Gp , Z)=Hom(Gp , QZ)
is generated by the element up which maps _p to 12. Applying n times the
cup product by up , we get an isomorphism
H1(Gp , M)  H 2n+1(Gp , M)
for any Gp -module M (see [9, II.2.11]). Thus, for any odd positive integer
r, we have a commutative diagram
H1(Gp , Z2mZ) ww H1(Gp , Z2m+nZ)
H r(Gp , Z2mZ) ww H r(Gp , Z2m+n Z)
in which the vertical maps are isomorphisms. Again the map in the top row
is injective if and only if the map in the bottom row is injective. Since Gp
acts trivially on Z2mZ and Z2m+nZ, the top row is
Hom(Gp , Z2m Z)  Hom(Gp , Z2m+nZ),
which is injective. K
As a result of the lemma, the maps H2(GS , Z2m+nZ)  H 2(GS , Z2mZ)
are surjective. Thus passing to the inverse limit in (2.2) we obtain an exact
sequence
H2(GS , Z2) ww
_2 n H2(GS , Z2)  H 2(GS , Z2nZ)  0.
This completes the proof of the proposition. K
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Now we explain how H 1(GS , Z2nZ) and H 2(GS , Z2n Z) are related.
For any finite GS module M whose order is a power of 2, we let
/(GS , M)=
[H 0(GS , M)][H2(GS , M)]
[H 1(GS , M)]
.
Theorem 2.4.
/(GS , M)= ‘
& arch
[H0(G& , M)]
|[M]| &
,
where |[M]| &=[M] if & is real and |[M]| &=[M]2 if & is complex.
Proof. See [8, Theorem I.5.1]. K
Corollary 2.5. We have the following equalities:
[H1(GS , Z2nZ)]=(2n(r2+1))[H2(GS , Z2n Z)];
2n-rk H1(GS , Z2nZ)=2n-rk H2(GS , Z2nZ)+r2+1.
Proof. Since [H0(GS , M)]=|[M]| & when & is real and [H0(GS , M)]2
=|[M]| & when & is complex,
/(GS , Z2nZ)=
1
(2n)r2
.
This proves the first equality. The second follows directly from the first in
the n=1 case. An induction argument completes the proof. K
As a result of the corollary and the preceding discussion, knowledge of
the structure of H1(GS , Z2nZ) implies knowledge of the structure of
H2(GS , Z2nZ) and conversely.
3. APPLICATIONS OF CLASS FIELD THEORY
The group GabS 2
nGabS is the Galois group of the maximal abelian exten-
sion of F unramified outside S whose Galois group is killed by 2n. The
groups H 1(GS , Z2nZ) and GabS 2
nGabS are dual, and so by class field theory
we can relate H1(GS , Z2n Z) to various kinds of class groups. As a first
example we have
Proposition 3.1. For any number field F, 2n-rk H 1(GS , Z2n Z)2n-rk
C+(F). If F is unramified at 2, then 2n-rk H1(GS , Z2nZ)2n-rk C+(F)+1.
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Proof. By class field theory, C+(F ) is isomorphic to the maximal abelian
unramified extension of F. Thus GabS 2
nGabS maps onto C
+(F )2nC+(F ).
Now suppose F is unramified at 2. The extension Q[+2n+2]Q is totally
ramified at 2 and has Galois group (Z2n+2Z)_. Let Fn be a cyclic sub-
extension of Q[+2n+2]Q of degree 2n, and let F+ be the maximal abelian
unramified extension of F. Then
Gal(Fn } F+F )$Gal(Fn Q)_C+(F ).
Since GabS 2
nGabS maps onto this Galois group, we have proved the claim.
K
To get the exact 2n-rank of H 1(GS , Z2n Z), we need to consider ray class
groups. For a modulus m, let Cm be the ray class group associated to m.
Proposition 3.2. Let fn be the conductor of FSn where F
S
n is the maximal
abelian extension of F unramified outside S whose Galois group is killed by
2n. If m is any modulus with support in S and is divisible by fn , then
2n-rk H 1(GS , Z2n Z)=2n-rk Cm .
Proof. First we observe that Gal(F Sn F )=G
ab
S 2
nGabS . Thus Cfn maps
onto GabS 2
nGabS . For fn | m, we also have Cm mapping onto G
ab
S 2
nGabS . On
the other hand, Cm is, by class field theory, the Galois group of a finite
abelian extension of F which is unramified outside of F. Thus Cm is a
quotient of GabS . In particular, G
ab
S 2
nGabS maps onto Cm2
nCm . Thus the
2n-ranks of Cm and GabS 2
nGabS agree. K
Ray class groups are difficult to compute even in the case where F is a
quadratic number field. We will try to understand these ray class groups as
extensions of the narrow class group. The main result we will use is the
following theorem.
Theorem 3.3. For any modulus m of F divisible by all of the real primes,
there is an exact sequence
U+  ‘
p finite
p | m
(OFpm(p))_  Cm  C +(F )  0,
where U+ is the group of totally positive units in OF and m(p) is the power
to which p divides m.
Proof. See Theorem V.1.5 from [9] or Theorem 3.6 of [19].
2538-RANKS OF K2
4. K-THEORY AND COHOMOLOGY
The 2-parts of the K-groups of rings of integers in number fields are
related to various cohomology groups. For example,
Theorem 4.1 (RognesWeibel). If F is totally imaginary,
K2n OF[2]$H2(GS , Z2(n+1)).
If F has at least one real embedding,
K8n+2OF[2]$H 2(GS , Z2(4n+2)).
The proof of this theorem and theorems for the other cases can be found
in [15]. Special cases of this theorem, especially for K2 , were proved by
Soule in [16] and Nguyen in [10].
Corollary 4.2. For any number field F, K2OF 2nK2OF $H2(GS ,
+2 n +2 n).
Proof. From the exact sequence of GS modules
0  Z2(2) w
2n
Z2(2)  +2n +2n  0,
we get a long exact sequence of cohomology groups
} } }  H2(GS , Z2(2)) w
2n H 2(GS , Z2(2))  H2(GS , +2 n +2 n)
 H 3(GS , Z2(2))  } } } .
Since H 3(GS , Z2(2))=0 (see [4, 3.17]), the result follows from the
theorem.
Remark 4.3. The above corollary holds for K2 replaced by K2+8r for
any number field, and K2+4r if F is totally imaginary. Thus our 4-rank and
8-rank results on K2 can also be interpreted as 4-rank and 8-rank results
on higher K-groups.
Definition 4.4. For a number field F let w2 be the largest integer N
such that Gal(F[+N]F ) is killed by 2.
The number w2 turns up as a factor in the BirchTate conjecture. We
shall come back to this conjecture in the examples.
Proposition 4.5. The GS modules +2n +2n and Z2n Z are isomorphic if
and only if 2n divides w2 .
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Proof. Let ‘ be a primitive n th root of unity and _ an element of GS .
Then
_(‘‘)=_(‘)_(‘)=_2(‘)‘.
Thus, GS acts trivially on +2n +2n if and only if ‘ is in F[+w2 ]. K
For any number field, w2 is at least 24 and so by taking n=3 in
Corollaries 2.5 and 4.2 we get
Corollary 4.6. For any number field F,
K2OF 8K2OF $H2(GS , Z8Z),
and for n=1, 2, 3,
2n-rk K2 OF=2n-rk H 1(GS , Z2nZ)&r2&1.
Corollary 4.7. For any number field F and n=1, 2, 3,
2n-rk K2 OF2n-rk C+(F )&r2&1.
If F is unramified at 2,
2n-rk K2 OF2n-rk C+(F )&r2 .
Proof. Use Proposition 3.1 and Corollary 4.6. K
Remark 4.8. The Re deiReichardt Theorem (see [14]) implies that
there exist quadratic number fields F whose narrow class groups have
arbitrarily large 4-ranks. This together with the corollary implies the same
is true for 4-ranks of K2OF .
From the Kummer sequence of sheaves 0  +2  Gm w
_2 Gm  0, we
get a long exact sequence of e tale cohomology groups which gives rise to
the short exact sequence
0  O_S O
_2
S  H
1
e t(Spec R, Z2Z)  2CS(F )  0.
From this we obtain the well-known Tate 2-rank formula:
2-rk K2OF=2-rk CS(F)+ g2+r1&1. (4.9)
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5. QUADRATIC NUMBER FIELDS
From Corollary 4.7 we have lower bounds for the 4-rank and 8-rank of
K2OF in terms of C+(F). In this section we will obtain upper bounds for
the 4-rank and 8-rank of K2OF in terms of C+(F ) in the case F=Q[- d].
By replacing the first map of the exact sequence in Theorem 3.3 with its
cokernel (which we denote Am ), we have an exact sequence
0  Am  Cm  C+(F )  0. (5.1)
The next proposition will lead us to upper bounds for the 4-rank and
8-rank of Cm .
Proposition 5.2. Let A, B, and C be any finite abelian groups, and
suppose there is an exact sequence
A  B  C  0.
Then for any n we have
2n-rk B2n-rk A+2n-rk C+ :
n&1
i=1
2i-rk A+2i-rk C&2i-rk B.
Proof. By tensoring the exact sequence with Z2n Z we may assume the
groups are killed by 2n. We have
[B][A][C].
For any finite abelian group D killed by 2n we have
[D]=2(
n
i=1 2
i-rk D).
Now apply log2 to both sides of the inequality and the result follows. K
By the results of the previous section, to compute 4-ranks and 8-ranks
of K2OF , it is enough to compute 4-ranks and 8-ranks of Cm where m is
‘‘large enough’’. By Proposition 3.2, this occurs as soon as m is divisible by
some conductor. We wish to work with a certain subset of moduli for
which Proposition 3.2 applies, but they will be allowed to grow so that
eventually they become ‘‘large enough’’. We make a definition.
Definition 5.3. Let m be a modulus divisible by the real primes of F,
and let the factor, m0 consisting of the finite primes satisfy (for some n):
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m0={
Dn1 } D
n
2
(2)n
D2n
when 2 splits and where D1 and D2
are the primes over 2;
when 2 is inert;
when 2 ramifies and where D is the prime over 2.
We will say m is sufficiently large if 8-rk H 1(GS , Z8Z)=8-rk Cm .
Theorem 5.4. Let F=Q[- d]. Let s=2-rk C+(F )&2-rk CS(F ), and
suppose m is sufficiently large. Let $1=1 if F is ramified at 2 and 0
otherwise. Let $2=1 if d#7 mod 8 and 0 otherwise.
If F is real,
max[4-rk Am &1, 4-rk C+(F )&$1]4-rk K2OF
4-rk C+(F )+4-rk Am +s&1.
If F is imaginary,
4-rk C+(F )&1&$14-rk K2OF4-rk C+(F )+s+$2 .
Proof. The lower bounds follow from (5.1), Proposition 3.2 and
Corollaries 4.6 and 4.7. Applying Proposition 5.2 to (5.1) we have
4-rk Cm 4-rk C+(F)+4-rk Am +2-rk Am +2-rk C +(F )&2-rk Cm .
Now using Corollary 4.6 and (4.9) this becomes
4-rk K2 OF+r2+14-rk C+(F )+4-rk Am +2-rk Am+2-rk C+(F )
&(2-rk CS(F )+ g2+r1&1+r2+1).
Rearranging we get
4-rk K2OF 4-rk C+(F )+4-rk Am +s&1+2-rk Am & g2&r1&2r2 .
It remains to show in the real case that
2-rk Am g2+2,
and in the imaginary case that
2-rk Am +4-rk Am g2+3+$2 .
In fact in the imaginary case we will have equality. These formulas follow
from
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Lemma 5.5. Let d be a square free rational integer, and let F=Q[- d].
For n4 we have the following.
(a) If d#1 mod 8, and so 2 splits in F, say as (2) =D1D2 , then
(OFDni )
_$Z2Z_Z2n&2Z
for i=1, 2.
(b) If d#5 mod 8, and so 2 is inert in F,
(OF2n)_$Z2Z_Z2n&1Z_Z2n&2Z_Z3Z.
(c) If d#0 mod 2, and so 2 ramifies, say as (2)=D2, then
(OFD2n)_$Z2Z_Z2n&2Z_Z2nZ.
(d) If d#3 mod 8, and so 2 ramifies, say as (2)=D2, then
(OFD2n)_$Z2Z_Z2n&1Z_Z2n&1Z.
(e) If d#7 mod 8, and so 2 ramifies, say as (2)=D2, then
(OFD2n)_$Z4Z_Z2n&2Z_Z2n&1Z.
If F is imaginary and d{&1, then we also have (with the cases as above)
(a) Am $Z2Z_Z2n&2 Z_Z2n&2Z,
(b) Am [2]$Z2n&1Z_Z2n&2Z,
(c) Am $Z2n&2Z_Z2n Z,
(d) Am $Z2n&1Z_Z2n&1Z,
(e) Am $Z2Z_Z2n&2_Z2n&1.
Proof. See Proposition 4.6 and Theorem 4.8 of [19]. K
Theorem 5.6. Let F=Q[- d] where d is as above. Let s=2-rk C+(F )
&2-rk CS(F), and suppose m is sufficiently large. Let $1=1 if F is ramified
at 2 and 0 otherwise. Let $2=1 if d#7 mod 8 and 0 otherwise.
If F is real,
max[8-rk Am &1, 8-rk C+(F )&$1]8-rk K2OF
4-rk C+(F )+4-rk Am &4-rk K2OF
+8-rk C+(F )+8-rk Am +s&2.
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If F is imaginary,
8-rk C+(F )&1&$1 8-rk K2OF
4-rk C+(F )&4-rk K2OF+8-rk C+(F )+s+$2 .
Proof. The proof is the same as in the 4-rank case. K
Combining the two theorems, we see that the 4-ranks and 8-ranks of
K2OF agree with those of C+(F ) in certain cases:
Corollary 5.7. Let F be a real quadratic number field unramified at 2.
With notation as above, suppose s=0 and 4-rk Am =1. Then
4-rk K2OF =4-rk C+(F );
8-rk K2 O2=8-rk C+(F ).
Our next goal is to give a family of fields for which the hypotheses of the
above corollary hold. Let d= p1 } } } pk with distinct rational primes pi #
1 mod 8. Then F=Q[- d] is unramified at 2 and s=0. This family of
fields is the subject of a theorem conjectured by Conner and Hurrelbrink
in [3]. That theorem is
Theorem 5.8. With F as above, 4-rk K2OF=0 if and only if
(i) The norm of the fundamental unit of F is &1,
(ii) An odd number of the primes p1 , ..., pk fail to be represented over
Z by the quadratic form x2+32y2, and
(iii) 4-rk C(F )=0.
Proofs of this theorem can be found in [5] and [18]. Here we will show
Theorem 5.9. With F as above, suppose
(i) The norm of the fundamental unit of F is &1, and
(ii) An odd number of the primes p1 , ..., pk fail to be represented over
Z by the quadratic form x2+32y2.
Then
4-rk K2OF =4-rk C+(F );
8-rk K2OF =8-rk C+(F ).
To prove the theorem, it is enough to show
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Proposition 5.10. Let F be as above and suppose m is sufficiently large.
Suppose the norm of the fundamental unit of F is &1. Then 4-rk Am =1 if
and only if an odd number of the primes p1 , ..., pk fail to be represented over
Z by the quadratic form x2+32y2.
Notice that Theorem 5.8 follows from Theorems 5.4 and 5.9, Proposi-
tion 5.10, and the fact that 4-rk C+(F ) is zero if and only if (i) and (iii)
hold. To prove the proposition, we need three lemmas and some results
from [18]. Let = be the fundamental unit of F. Since d#1 mod 8, the prime
2 splits in OF into ideals, say D1 and D2 . The first lemma is
Lemma 5.11. Suppose the norm of = is &1. For n4, 4-rk Am =1 if and
only if the image of = has order 2n&2 in (OF Dni )
_ for i=1, 2.
Proof. Since we are assuming = is not totally positive, Am is the
quotient of (OF Dn1)
__(OF Dn2)
_ by the image of =2. From Lemma 5.5,
(OFDn1)
__(OFDn2)
_$Z2Z_Z2n&2Z_Z2Z_Z2n&2Z.
Let B be the quotient of (OFDn1)
__(OFDn2)
_ by the two cyclic of order
two factors, and let B be the quotient of B by the subgroup generated by
the image of =2. Since the image of =2 is a square in (OF Dn1)
__(OFDn2)
_,
the first and third coordinates of its image will be zero. Thus 4-rk Am =
4-rk B .
The order of the image of = in (OF Dn1)
__(OFDn2)
_ is the maximum of
its orders in (OFDn1)
_ and (OFDn2)
_. Since _(=)=&=&1, the order of the
image of = in (OFDn1)
_ is the same as in (OFDn2)
_. This order is 2n&2 if
and only if the image of = in (OFDn1)
__(OF Dn2)
_ is not a square. This in
turn is equivalent to =2 not lying in 4B. Now 4-rk B is two if and only if
B 4B =B4B. Thus 4-rk B =1 if and only if the image of = is not in 4B. This
completes the proof. K
Corresponding to D1 , we have an inclusion OF  Z2 . This map induces
canonical isomorphisms:
OFDn1 $Z2 2
n Z2 $Z2nZ.
Thus, the next lemma will tell us about the order of = in (OFDni )
_.
Lemma 5.12. Let e be an odd rational integer, and let e denote the image
of e in (Z2nZ)_. For n4, e has order 2n&2 if and only if e#\3 mod 8.
Moreover, if e# \3 mod 8, then
(Z2nZ)_=( &1)_(e ) .
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That is, every odd integer is congruent to \ei mod 2n for some unique
choice of sign and 0i<2n&2.
Proof. Units in Z2n Z can be represented uniquely by \1 } m where
0<m<2n and m#1 mod 4. Correspondingly we have
(Z2nZ)_ = Bn_Dn
\m  (\1, m ).
When n=3 we have
(Z8Z)_=[\1]_[1 , 5 ].
It is a standard result that Dn is cyclic. As Dn has order a power of 2, an
element is a generator if and only if it is not a square. Since the map
Dn  D3 is surjective, an element of Dn is a generator if and only if its
image under this map is nontrivial. Thus m is a generator of Dn if and only
if m#5 mod 8. As a result, an odd integer e represents a generator of
Z2n Z if and only if e=\1 } m where m#5 mod 8, or if and only if e#
\5 mod 8. K
Let =^ be the image of = in Q2 under the embedding of F corresponding
to D1 . The above two lemmas together say, under the assumption that the
norm of = is &1, 4-rk Am =1 if and only if =^#\3 mod 8. The latter of
these conditions can be reformulated in terms of Hilbert symbols.
Lemma 5.13. The Hilbert symbol (2, =)D1 is equal to &1 if and only if =^
is congruent to \3 mod 8.
Proof. First note that (2, =)P=1 for all nondyadic primes P. By
reciprocity, this means (2, =)D1=&1 if and only if (2, =)D2=&1. Now
(2, =)D1=1 if and only if =^ is a norm from Q2[- 2]. Choose a rational
integer e sufficiently close to =^ so that (2, =)D1=(2, e)D1 . Since FD1=Q2 , the
Hilbert symbol (2, e)D1 agrees with the Hilbert symbol (2, e)2 for 2 on Q.
Since e is odd we have
(2, e)2={1&1
if e#\1 mod 8,
if e#\3 mod 8.
Thus (2, =)Di=&1 if and only if =^ is congruent to \3 mod 8. K
The arguments on pages 232234 of [18] show, under the hypothesis the
norm of = is &1, that (2, =)D1=&1 if and only if condition (ii) from the
statement of Theorem 5.9 holds. Alternatively, see Lemma 5.8 and Proposi-
tion 5.9 of [19]. K
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6. EXAMPLES
We now give some examples for which Theorem 5.9 applies. We will
enlist the help of PARI to carry out some of the computations. According
to PARI, the norm of the fundamental unit in all of these examples is &1.
Example 6.1. Let d1=73 } 97 } 2417, and let F1=Q[- d1 ]. All three
primes fail to be represented by x2+32y2, so Theorem 5.9 applies. PARI
calculates
C+(F1)$Z4Z_Z4Z.
Thus the 4-rank of K2OF1 is 2 and the 8-rank of K2 OF1 is zero. Using the
BirchTate conjecture, we can actually compute the entire structure of
K2OF1 . Recall the conjecture states that
[K2 OL]=w2 |‘L(&1)|
whenever L is a totally real number field. The conjecture is known to be
true when L is abelian over Q and is known to be true in general up to
a power of 2. (See [6], [7], and [20].) According to PARI,
‘F1(&1)=
27 } 66318053
24
.
Thus we have
K2OF1 $Z2Z_Z2Z_Z2Z_Z4Z_Z4Z_Z66318053Z.
Example 6.2. Let d2=17 } 137 } 257 and F2=Q[- d2]. The prime 17 is
the only one which fails to be represented by x2+32y2. PARI says
C+(F2)=Z8Z_Z84Z;
‘F2(&1)=
28 } 213349
24
.
Thus we have
K2OF2 $Z2Z_Z2Z_Z2Z_Z4Z_Z8Z_Z213349Z.
Example 6.3. In the previous two examples, knowledge of the 4-rank
of K2O and the value of the zeta function at &1 was enough to compute
the structure of the 2-part of the group. In order to produce an example in
which knowledge of the 8-rank is necessary, we need a case in which the
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8-rank is at least two or a case in which the 4-rank is at least two and the
16-rank is at least one. Finding an example of the first kind would require
finding an example of a field whose narrow class group had 8-rank at
least two. A search (via PARI) found no such examples among quadratic
number fields of discriminant congruent to 1 mod 8 and less than 100,000.
We were able to find an example in which the 4-rank of the narrow class
group is at least two and the 16-rank is at least one. Let d3=73 } 89 } 97 }
353 } 7481, and F3=Q[- d3]. The primes 73, 89, and 97 are the ones
which fail to be represented by x2+32y2. The class group, according to
PARI, is
C+(F3)$Z128Z_Z4Z_Z4Z_Z2Z.
Thus, the 4-rank of K2OF3 is three and the 8-rank of K2OF3 is one. Unfor-
tunately, d3 is too large for our algorithm for computing ‘F3 (&1). One
might hope that the presence of a cyclic factor of order 128 in the class
group indicates a cyclic factor of order divisible by 16 in K2 OF3 , but we
were unable to check this.
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